The persistent current in an ensemble of normal-metal rings shows Gaussian distributed sampleto-sample fluctuations with non-Gaussian corrections, which are precursors of the transition into the Anderson localized regime. We here report a calculation of the leading non-Gaussian correction to the current autocorrelation function, which is of third order in the current. Although the third-order correlation function is small, inversely proportional to the dimensionless conductance g of the ring, the mere fact that it is nonzero is remarkable, since it is an odd moment of the current distribution.
Already in the early days of quantum mechanics, it was realized that the ground state of small conducting ringlike structures penetrated by a magnetic field could contain a dissipationless current circling through the structure [1] . Such persistent currents have been well known in the context of superconducting devices since the early 1960s [2] . Normal-state persistent currents became the subject of intensive research only after it was understood that elastic impurity scattering, unavoidable in almost all realizations, reduces the phenomenon, but does not completely suppress it [3] : The typical magnitude of a persistent current in a disordered normal-metal ring with circumference L and diffusion constant D is I ∼ e/τ L , where τ L = L 2 /D is the time it takes an electron to diffuse once around the ring [4] .
Because of time-reversal symmetry, a persistent current must vanish at zero field, whereas gauge invariance imposes that the current is periodic in the flux φ penetrating the ring, with period φ 0 = h/e [5] . The precise value of the current I(φ) depends strongly on the specific disorder realization. When averaging over disorder, the odd Fourier components of the average current I(φ) become vanishingly small. As long as the applied magnetic field is weak (such that time-reversal symmetry is preserved inside the metal ring), the even Fourier components of I(φ) are nonzero, but still small compared to those of the typical current I 2 (φ) 1/2 [6] [7] [8] . Whereas early experiments reported a persistent current a few orders of magnitude larger than the theoretical prediction [9, 10] , improved SQUID detection of the magnetic response of a small number of gold rings [11] and, very recently, current detection through the frequency shift of cantilevers covered with aluminum rings [12] unambiguously confirmed the predictions for the average and typical current amplitudes.
The sample-to-sample distribution of I(φ) is well approximated by a Gaussian if the dimensionless conductance g of the rings is large, but deviations from Gaussian statistics are expected to become relevant if the rings are very thin or strongly disordered, in which case g is small. The unprecedented accuracy of the cantilever method opens the possibility to measure the full probability distribution of the current, not just its first two moments. Non-Gaussian fluctuations play an important role in theoretical and experimental studies of transport in disordered metals [13, 14] , being a precursor of the transition to the Anderson localized regime. Non-Gaussian fluctuations were also considered in the conductance distribution of chaotic quantum dots, for which they are an indicator of fully quantum coherent transport [15] .
In this Letter, we calculate the leading non-Gaussian connected autocorrelation function
of persistent currents to leading order in 1/g. Here the brackets . . . denote a disorder average and the subscript 'c' refers to the 'connected average', abc c = abc − ab c − ac b − bc a + 2 a b c . At equal values of the arguments, K gives the third cumulant I(φ) 3 c of the current distribution, which is proportional to its skewness. As we will show below, I(φ) 3 c is nonzero and of order ∼ e 3 /gτ 3 L for small magnetic fields only, and becomes vanishingly small for large magnetic fields. However, the full third-order correlation function K(φ 1 , φ 2 , φ 3 ) remains nonzero for arbitrary magnetic field strengths. This is remarkable because K(φ 1 , φ 2 , φ 3 ) addresses an odd moment of the current distribution. Previously published order-of-magnitude estimates for K [16, 17] are a factor ∼ τ L /τ larger than the result of our calculation, τ being the elastic mean free time [18] .
We will first describe the calculation of the connected autocorrelation function K(φ 1 , φ 2 , φ 3 ) for zero temperature, at weak magnetic fields, and in the absence of spin-orbit scattering. Then we evaluate the effect of finite temperature, larger magnetic fields, and significant spin-orbit scattering. Finally, we also discuss the possibility to identify the non-Gaussian current fluctuations in persistent current measurements.
Starting point of a calculation of the persistent current is the thermodynamic relation [8, 19] 
which expresses the current I in a ring with a fixed number of electrons in terms of the grand canonical potential Ω and the grand canonical fluctuations of the particlenumber N . Both Ω and N are calculated as integrals of the density of states ν(E, φ),
where T is the temperature and µ the chemical potential, which is chosen such that the disorder average N (µ) equals the (canonical) particle number N .
Since Ω(µ, φ) and N (µ, φ) are statistically uncorrelated to leading order in 1/g -they have opposite parity under a particle-hole conjugation -, only the first term in Eq. (2) contributes to the autocorrelation function K. Calculation of K then proceeds through the standard relation between the density of states ν(E, φ) and the Green function,
where σ =↑, ↓ is the spin index. Calculation of the current autocorrelation function K requires calculation of the connected density-of-states
Performing the disorder average using diagrammatic perturbation theory [20] , the latter can be represented schematically as in Fig. 1a . In this figure, the advanced (blue dashed lines) and retarded (red solid lines) Green functions are connected to each other by thick gray lines which represent the diffuson (−) and cooperon (+) ladders, D ± σα,σ β (q ± αβ ; E αβ ), where we use the short-hand notations q ± αβ = q α ± q β and E αβ = E α − E β . In this notation, the index α refers to the wave vector, energy and spin of the advanced Green function and β to those of the retarded function. In the absence of a magnetic field penetrating the metal ring and without spin-orbit scattering, the diffuson and cooperon propagators are given by the standard expression
The ladders are connected at a 'Hikami box' H depicted in Fig. 1b ,
where the indices s and s can be + or −, depending on whether the upper (s) or lower (s ) ladders represent diffuson or cooperon propagators. Combining the expressions for D and H, one then computes the thirdorder density-of-states autocorrelation function by summing over the momenta q 1 , q 2 , and q 3 , the corresponding spin indices, and the diffuson/cooperon indices s and s . We now take the ring's circumference L to be much larger than its thickness. In that limit, only terms in which the transverse component of the momenta q ± vanishes contribute to the correlation function. In the presence of a flux φ α penetrating the ring, the longitudinal component q of the momentum takes the discrete values
n being an integer. Converting the sums over the integers n to integrals using the Poisson summation rule, we then find that, at temperature T = 0,
where the dimensionless conductance g = 2πh ν /τ L , and with the notation ϕ ± αβ = ϕ α ± ϕ β . The scale of the non-Gaussian fluctuations, when normalized to the Gaussian fluctuations, is K 1/3 / I 2 1/2 ∼ g −1/3 . The magnitude of the summand in Eq. (8) drops to zero quickly for increasing k and k , so that only the lowest harmonics will contribute significantly to K. Note that the third cumulant,
is non-zero only due to the 'double cooperon' contribution with s = s = +. Let us now discuss the effect of a finite magnetic field, spin, and finite temperature. All three effects are relevant for a realistic description of the experiment of Ref. [12] . Following Ref. [21] , we model the magnetic field penetrating the sample as toroidal. Although a toroidal magnetic field does not fully correspond to the experimental geometry, it is believed to provide a reliable and tractable description of the experiment [21] . With a toroidal magnetic field B , the transverse component of the momenta q ± is no longer zero, which leads to a shift of the momentum eigenvalues appearing in the expression for the cooperon ladders,
⊥ being a geometry-dependent positive constant proportional to B . For a ring with circular cross section with radius R, one has
. When the coupling of the applied magnetic field to the electron spin (with Zeeman frequency ω Z ) or spinorbit scattering (with spin-orbit scattering time τ so ) are included, the diffuson and cooperon propagators acquire additional structure with respect to their spin indices. As long as τ /τ so 1, the Hikami box remains spinconserving, such that elements of the propagators which flip the spin of one of the Green functions do not contribute. In this case only 'diagonal' elements play a role and the two spin indices in Eq. (5) continue to be sufficient. With the toroidal field (10) included, the spindependent propagators read
where D ± (q ± , E) is the spin-independent propagator of Eq. (5), and the factors x ± a,b,c are defined as
For a large Zeeman splitting (τ L ω Z 1), the contribution of the elements D ↑,↓ and D ↓,↑ will be suppressed, which leads to a factor four decrease of K(φ 1 , φ 2 , φ 3 ) with respect to the zero-field case of Eq. (8) . Strong spin-orbit scattering (τ L /τ so 1) causes an additional factor four decrease of K(φ 1 , φ 2 , φ 3 ).
Inserting the diffuson and cooperon propagators of Eq. (11) and extending the previous calculation to finite temperatures, we arrive at the complete result
where θ ≡ 2πk B T τ L /h is the rescaled temperature. Equation (13) shows explicitly how the various contributions to K are suppressed by a magnetic field, spin-orbit scattering, and finite temperature. Using characteristic values for the experiment of Ref. [12] , L ∼ 2.5 µm, R ∼ 50 nm and B ∼ 3.5 T, one finds that ⊥ ∼ 12. Since all x A large temperature leads to exponential suppression of all contributions to the connected correlation function K(φ 1 , φ 2 , φ 2 ) and to a suppression of the non-Gaussian fluctuations in comparison to the Gaussian fluctuations. In the high-temperature limit, θ 1, and for small magnetic fields and weak spin-orbit scattering, τ L /τ so , τ L ω Z 1, (but still assuming 2 ⊥ 1), Eq. (13) simplifies to
For comparison, in the same limit the second-order current correlator, which describes the Gaussian fluctuations, scales as I 2 ∝ θ 2 e − √ θ [6] , so that typically
θ/6 g −1/3 . In order to investigate the full temperature dependence of K, we show in Fig. 2 the temperature dependence of the leading Fourier component K 1,1 (which is the one given in Eq. (14) above).
As a complete measurement of the connected correlation function K(φ 1 , φ 2 , φ 3 ) is likely to be very involved, it is worthwhile to investigate the behavior of the correlation function when two of its arguments are equal, K(φ, φ, φ + ∆φ). In the same limit of small magnetic fields and weak spin-orbit scattering, but with 2 ⊥ 1, this correlator is a function only of the flux difference, K(φ, φ, φ + ∆φ) = K (∆φ). The zero temperature limit for K (∆φ) is shown in the inset of Fig. 2 . In the experiment of Ref. [12] one has roughly g ∼ 10 4 for the smallest rings, so that 3 K (∆φ) ∼ 0.1 nA. We thus believe that a measurement of K (∆φ) should be feasible.
In conclusion, we have evaluated the third-order autocorrelation function for the persistent current in an ensemble of disordered metal rings. Remarkably, this correlator remains non-zero at large magnetic fields, although the non-Gaussian current fluctuations are a factor ∼ g 1/3 smaller than the leading Gaussian fluctuations. The third-order connected correlator is the leading-order as a function of the rescaled temperature θ = 2πkBT τL/h. K1,1 is normalized to the zero-temperature value predicted by Eq. 8. For θ > ∼ 25 the high-temperature approximation given by Eq. 14 (red solid line) and a numerical evaluation using Eq. 13 (circles) agree well. (Inset) The correlator K(φ, φ, φ + ∆φ) at zero temperature in units of e 3 /π 3 τ 3 L g. For this plot we used Eq. 8, summing over k, k ≤ 40.
signature of localization effects. About one decade ago, the observation of non-Gaussian correlations in the transport of disordered quantum wires and chaotic dots was greeted as a unequivocal signature of quantum coherent transport [13] [14] [15] . We hope that our calculations motivate for a corresponding breakthrough in the realm of persistent currents and other equilibrium properties.
